Wave Propagation in Junctions of Periodic Half-spaces
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r » A and p are bounded and coercive; g € L*(o) r
— AT is Ze, + Z (pTe.)periodic » Jmw > 0 to ensure well-posedness in H'(R?) — A" is constant and A" is Ze, + Zpperiodic
Let 6 .= pl/p7 » A coincides with AT on RZ (same for p). Let  := p,

If 0 is rational then A and p are periodic in the direction of the intertace o.

> Apply the Floquet-Bloch transform in the direction of o and solve a family of waveguide problems set in R x (0, 7), 7 being the period. |Fliss, Joly, 2009|, |Fliss, Cassan, Bernier, 2010]

What if 0 is irrational? Goal: Solve (&) in the irrational case. [ Insight: Identity a so-called quasiperiodic structure. ]

2 There exist 3D tunctions A;t and p;t such that

L B \ > | Af(z) =AS( x) and p(x)=p,( @

> Ap and p, are Z —periodic 10

> The cut matrix 1is of the form = | 0 6,

e
7&" 1 Idea: Seek the solution u of (&) under the form

a.e. £ € R% w(x)=U( =)

Ay (X) = ATz, 21p2) 0, =pl, 6y=p:. with U that satisfies a 3D transmission problem with

Ay (X) = A"(z, z2p; ) periodicity along the interface.

|Gérard-Varet, Masmoudi, 2011], |Blanc, Le Bris, Lions, 2015|, | Wellander, Guenneau, Cherkaev, 2019]; Homogenization context.

The augmented problem where B A, coincides with A on RZ. (same for py)

» (G is arbitrarily chosen such that | G( «) = g(x) |for a.e. x € 0.

Find U : R® — C such that

(Pang) | — o Apt VU - p, LU =0 in RS URS > Difficulty: Non-elliptic principal part. t
Appropriate framework provided by H'(Q) == {V € L*(Q2) / * VV € L¥(Q;C?)}.

» Advantage: A, and p, are periodic in the direction of the interface ..

[( A" VU)-e]s=G on Z:={0} xR

(1) Choose G such that G(- +e) =G 2) Apply the Floquet-Bloch transform in the e;—direction
Then U(- +ey) = U(:) and (& aug) reduces to a problem set in the strip {2, U {2_ Solve a family of problems set in the waveguide @+ U Q) with @i = Ry x (0,1)%,
with Q4 := Ry x R x (0, 1). and indexed by the Floquet variable k € (—m, 7).
W A VU -t =0 in QU0 —'V A VU—pp’Up=0 in QU0
[(( A' VU)-e] =G on {0} xR x(0,1) . [( A VU -e]s =G on %:={0} x(0,1)
U(-+ ey) = U(-). L U(- +€1) = e*Up(-) and Uy(- + e5) = Uy(-).
Q- U,

3) Reduction to an interface equation » Compute £/(¥) and F, (V) and local DtN operators 77fj

E(0) and E; (W) satisfy the same PDE and periodicity conditions as (7;(@) in C :=(0,1)°,
with Dirichlet conditions on {x = 0} and {x = 1}.
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» Find the propagation operator P;, which is the unique solution of the Riccati
(/A\Z LA — Gooon S | with K,TCD - ( Apt Vﬁ];t(q))) el equation [ TUP:+ (T + T Pe + TH = 0 | with a spectral radius [ p(Pr) < 1 ‘

and | U, (®)(- + ne,)|c = E)P®) + EL(PI*'®)Vn e N

w =204+ 0.051
A=1d
Configuration - " Configuration ]
RS » Lxtension to Jmw =0 i
0
! » (Can this approach be used to oot 1
compute interface modes?
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